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ABSTRACT: In this paper, we find Mellin, Laplace, Fourier and generalized Stieltjes transforms of k - Weyl fractional

integral. When k — 1, these results hold true for the usual Weyl fractional integral.
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1. INTRODUCTION
There are many initial and boundary value problems in
applied mathematics, physics and engineering which can be
solved by the use of integral transforms. These transforms
are very useful for solving differential as well as integral
equations.

Diaz and Pariguan [1] have defined new functions called K -

gamma and K -beta functions and the Pochhammer K -symbol
that is generalization of the classical gamma and beta
functions and the classical Pochhammer symbol.

Mubeen and Habibullah [2] have introduced the K -
Riemann-Liouville fractional integral. They defined the K -

Riemann-Liouville fractional integral by using the K -
Gamma function (the generalized form of the classical

Gamma function). Romero and Luque [3] defined K -Weyl
fractional integral by using classical convolution (*).

Definition 1.The K -gamma function is defined as

k

t
T (X)= j:e?tx-ldt, Re(x) >0 @)

and T(x) =limT, (x), T, (X) = k:_ll“(E).

Definition 2.The K -beta function is defined as

11 Y1 Xy
Bk(x,y)=Ejo(1—t)k tk dt; )

Re(x) >0,Re(y) >0

0 B (x,y) = DT

L (x+y) .
Definition 3. Let & be a real number, 0 <¢ <1,K >0. The
K -Weyl fractional integral is  defined by
1 © g—1
W, *(f(x)) = t—x)k f(t)dt,x>0,t>0.
C(F () krk(a)jx( )< ()

®3).

Definition 4. The Mellin transform of a real scalar function
f(X) is defined as

f*(s)=M[f(X)]= j:’ ¥ (x)dx, ).

whenever f"(S) exists. It is a function of the arbitrary
parameter S €[], Re(s) > 0.

Definition 5. The Laplace transform of a real scalar
piecewise continuous function f(X) with parameter s is
defined as

F(s)=L[f(u)]= jo e¥fu)du. ().
whenever F(S) exists. It is a function of the arbitrary

parameter S €[],uel]l *,Re(s) > 0.

Definition 6: The Fourier transform of function f (X) of a
real variable X is defined as

G(t) = F[f (x)] = T e ™ f(x)dx,  (6).

whenever G(t) exists. It is a function of the real variablet .

Definition 7:  Let the function f(X)eS(J) the

Schwartzian space of functions that decay rapidly at infinity
together with all derivatives, then the generalized Stieltjes
transform is defined as

sﬂ[f(x)]zj:(m y) 7 f(X)dx,y>0,3>0. ()

1.1 Theorem: Let f be continuous on [0,) and
let « €(0,2),k >0. Then for x>0

M [We (f (x)) ] =
'(sk)
I'(sk +a)

@).
f*(s+%), Re(s) > 0.
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Proof: Using (5), we obtain
MW, (x) | =

1 © s-1r[” %_l '
. jox [L (t—x)* " f (t)dt]dx

Using
MW, (x) | =

1 * tosa %—1 .
kl—‘k(a).[o O, 0" dxdt.

By substituting X =ty
MW, (x) | =

1 sk+a

ka(Ot)Iot k f(t){fo(l_y)k (y)* dy}dt.

Using (2) and (4), we get (8).

Fubini's theorem

1.2 Theorem: Let f be continuous on [0,«) and

let a €(0,2),k >0. Then for x>0
@ik _ I(sk) .
M {Wk (x f(x))}_ skt ) f*(s) ,Re(s) >0.
9).
Proof: Using (4)
MW f(x) | =
1 © s~ %71 '
@ jo X [L (t—x)*  f(t)dt]dx.
By Fubini's theorem
MW, (x) | =
1 E8 t ooy %—1 :
. jo f(t)[jox (t—x)* dx]dt.

By substituting X =ty
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M [wk“ (x kf (x))} =
1
k[, ()

Using (2) and (4) we get (9).

f:tsk_lf (t) D: - y)i_l(y)sk_ldy}dt.

Example:1 Let f(X)=e ™" then using (9), we get

M Wa(x_%e7X) :r(Sk)F(X)
“ I(sk+a)

1.3 Theorem:Let f be continuous on [0,0) and let

ae(01),k>0,p8ell. Then for x>0
L[ W, (e” f (x)) | = (-sk) *F(s—p).
s> [, Re(s) >0. (10).

Proof: Using (5)
L[ W, (e” f(x) |=

L T[Tt — %_l Bt
kl"k(a)joe [Iu (t—u)* e f(t)dt]du.

Using Fubini's theorem

L[ W, (e” f(x) |=
1
kI, (@)

[Tt -+ e duldt.
By substituting t—u =y
L[W ™ (x) =

1 © _st+ © %,1 o
kL, (cx) .[o e ﬂtf(t){fo (V) (e) dy}dt_

By substituting —Sy =7
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L[We (™ (x) ] = F[wkaf(x)jz
1

—St+ *© g_l -7
@ )j PE(t)(=s) ¥ DO ()% (e) df}dt.
Using (1) and (6), we get (10).

1.4 Theorem: Let f be continuous on [0,00) and let
a €(0,1),k >0. Then for x>0

L{ W f () ] = (=sk) ¥F(s), Re(s)>0. ).
Proof: Substituting £ =0 in (10), we get (11).

Also see Romero and Luque [4].

Example 2. Let f(x)=x",nell". Let
a €(0,1),k > 0. Then for X >0 using (11), we get

n!

LW, f(x) |= (—sk)_% s"+-1 .

15 Theorem: Let
a €(0,1),k >0.

FIWS(F(x)]=

f(x)eL,(J) and let
Then for x>0
1

—~G(t),0<Re(a) <1.(12).
Kk

(—1tk)

Proof: Using (7)

F[W“f(x)]z
kT (o )Lme_m[I (u- X)k " (u)du]dx.
Using Fubini's theorem
FIW f(x)]=
l —lXt k
kT, (@ ).[ fu )[I e (U—x)" dx]du.

By substituting U—X=Y

kL (« )I (e)lmf(u){j W (e)ltydy}du

Substituting
F[Wk“f(x)]:
[ (e)’”tf(u){j ()" (e)'tydy}

—ty=r1

kI ( )
Using (1) and (5) we get (12).
1.6  Theorem: Let f(X)elL () and Ilet
ae(0,),k>0,pell. Thenfor x>0

! —G(p+1). (13).
(—itk)k

FIW (e f(x) |=

Proof: Using (7)

FIW (e f(x)]=

! “er[” %71 —1u
kT'y () [ e, =% e f(u)duldx.

Using Fubini's theorem
FIW e f(x)]=

1 © —ipu ® xt _ %_l
T Loe f(u)[jue (u—x)¥ dx]du.

Substituting U—X =Y

F [vvk“ (e F()]=
I e-“‘f’“)f(u)[j W< (e)"Ydy}

k" (a)

Substituting —ty =7
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FIWe e f(x)]=
(_lk)7I ®—wu(p+t) *® £ -7
— | e f(u k (e)7dz |du.
T [ | [ @ e de

Using (1) and (5) we get (13).

1.7 Theorem: Let f be continuous on [0,0) and let

a<(0,2),k>0,4ll. Thenfor x>0

Sp[ Wi (x+ )7 F(X) ] =

e
W;KL+A§)sm%“(@Ly>QRd@>Qﬂ>0.

(14).

Proof: Using (8)
S, [ W (x+y) " f(x)]=
1

KT, () [, I =kt y) 7 dtldx.

Using Fubini's theorem

Sy [ W (et y) 7 £ (0] =

1 © i) 0 ] )
. @) [ @+ FOL =0k (x+y)dudt
- t—X
By substituting U =——
y+X

Sy (W (x+y) 7 £ (0=

(X+ y)% © —(B+A) 1 %*1 Y X}
o) jo (y+t) f(t)[jo(u) (1—u)”du]dt.

Using (2) and (6), we get (14).

1.8 Theorem: Let f be continuous on [0,00) and

let ae€(0,1),k>0pell. x>0

S, [We (f () ]=

Then for all

(15).

%rk k
(X;k)(/ig +ﬂ(|;B) ) Sﬂ [ f (X)] , RE(X) >0,y >0.
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Proof: Substituting A =0 in (14), we get (15).

Also see Romero and Luque [4].
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